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3.2 Construction of the heat kernels

3.2.1 Toy model

In this section, we will construct the heat kernel for generalized Laplacian H
onV:=%"(M,FE).

We study the toy model first: let V' be a finite dimensional vector space
and H be a linear endomorphism; we construct P, = e .

Definition 3.2.1. The k-simplex
Api={(ty, - ,t):0<t; <--- <t <1} CRE (3.2.1)
We often parametrize Ay by the coordinates
og=1t,0;=1iy1—1t;, 1 <i<k-—1, op =1=1, (3.2.2)
such that oy +---+ 0, =1and 0 < og; < 1. For t > 0, the rescaled simplex
tA = {(ty, - tp) :0<t; < - <t <t} C R (3.2.3)

Let v, be the volume of Aj. since v = 1 and

1 1
Uk :/ VOl(tkAk_l)dtk :/ ti_lvk_ldtk == Uk—k_l, (324)
0 0
we have
1

Let K; : Ry — End(V) be an approximate solution of the heat equation
for small ¢ in the sense that for some small a > 0, there exists C' > 0 such
that

dK
R, = # + HK, < Ct°, (3.2.6)
and Ky = 1. The function K is also called a parametrix for the heat equation.
The function R; is called the remainder.
Let

t
Qi = / ththtldtl' (327)
0
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Then
d 1 t
% =R+ / Ry, Rydt; — HQ}. (3.2.8)
0
So from (3.2.6)-(3.2.8),
d 1 ' 20+1
a + H (Kt - Qt) = — Rt_thtdtl = O(t ) (329)
0

Following this way, we could make the error term smaller and smaller:

Theorem 3.2.2. Let ), : Ry — End(V) be defined by

Qf = ththtkftk,l s Rt2,tht1dt1 e dtk (3210)
tA

and QY = K;. Then

“+o0

P=c =3 "(-1)tQ; (3.2.11)
k=0
and
Pt - Kt + O(tlJra). (3212)
Proof. Let
R®(s) := / Ry 4, - Riy s Ryydty - dty. (3.2.13)
SAR_1
Then as in (3.2.8), we have
(% + H) QF = RV (1) 4 R (1), (3.2.14)
From (3.2.6) and (3.2.3),
RM(t) = O(th). (3.2.15)

Since vol(tAy) = tF/k!, there exists Cp > 0 such that

tk
Qff < CoCHt™e . (3.2.16)

So the right hand side of (3.2.11) converges. Since Q) = 1 and QF = 0 for
k > 0, we obtain (3.2.11). From (3.2.16) again, we have P, = K; + O(t'T%).
The proof of Theorem 3.2.2 is completed. [
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The original version of Theorem 3.2.2 is the Volterra series for the expo-
nential of a perturbed operator. If H = Hy + H, € End(V), for K; = et

Ry = <% + H) e o — [ e~ tHo, (3.2.17)

So from Theorem 3.2.2, we have

e~ (HotH) = e=tHo 1N 1)k, (3.2.18)
k=1
where
I, : = / e~ =te)Ho pr o=(te—ts—)Ho . fr e=tHoqy .. gt
tA (3.2.19)
- / e~ooto fr e=orto L e O g o doy.

tAg

So

6—t(HO+H1) _ (_t)ke—ootHoHle—U1tHo L. Hle—UktHOdo-l . dO’k

k=0

1
= ¢ tHo _ t/ eIt i o=otHogo 4 ... (3.2.20)
0

3.2.2 Estimates of the parametrix

For V. = %°(M, E), we study the kernel instead of the operator.
We leave the proof of the following theorem to the next subsection.

Theorem 3.2.3. For every N € Z., there exists a smooth one-parameter
family of smooth kernels kN (x,y), such that for every { € N,

(1) for every T > 0, there exists C > 0 such that for 0 < t < T,
u € €°(M, E), we have

1& N ulle < Clulle, (3.2.21)

where K} is the operator associated with kN (z,v);

(2) for u € €°(M, E),

15% | Kiu — ul|ge = 0; (3.2.22)
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(3) there exists C'(¢,s) > 0 such that the kernel
rN(z,y) = (0; + Ho)k] (2,9) (3.2.23)
satisfies the estimate

1057 le < C (L, s)EN /2727, (3.2.24)

7

In order to simplify the notation, we omit the symbols ”N” and "dt; - - - dt;
if there is no confuse.

Let K; and R; be the corresponding operators with respect to k; and r;.

As in (3.2.10) and (3.2.13), we consider

Qf = Kt_thtk_tk—l ce Rtg—t1 Rtla (3225)
tAg

which is defined by the kernel
qzlt€ (ZE, y) - / / kt_tk (IL’, Zk)rtk_tk—l (zkv Zk‘—l) Ty (Zla y) (3'2'26>
tA, J Mk
and the kernel
Tf“(% y) = / / Tty (T 20 ) Tt~y (Zhs Z5—1) -+ Ty (21,9). (3.2.27)
tAy, J MF

Lemma 3.2.4. If N > (n+{)/2, then for s € N,

tk
||8frf+1|’(zﬂ(M><M) < Ck+1t(k+1)(an/2)f(Z/2fs VOl(M)kE.
Proof. It N > (n + £)/2, by (3.2.24), r; and its derivatives up to order ¢
extend continuously to ¢ = 0. Using (3.2.24) again, we obtain Lemma 3.2.4.

The proof of Lemma 3.2.4 is completed. ]

(3.2.28)

Lemma 3.2.5. Assume that N > (n+()/2 and that { > 1.
(1) There exists C' > 0 such that for every k > 1,
tk

Jafllorarsan < OO vol MY/t

(3.2.29)

(2) The kernel qf (x,y) is €* on t and

(8 + Hy)gf (z,y) = iz, y) + ) (2, y). (3.2.30)
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Proof. Let
b(t,s,z,y) :/ ke o(, 2)r5 (2, y) = Kt (2, ). (3.2.31)
zeM

Then from (3.2.26) and (3.2.27),

t
o) = [ Weos.z)ds (3.2.32)
0

From Theorem 3.2.3 (1), Lemma 3.2.4 and (3.2.31), for 0 < s <,

tk*l

Hb(t, S) H‘KZ(MXM) S C/Ck VOl(M)k_ltk(N_n/2)_£/2m.

(3.2.33)

So we obtain (1) from (3.2.32) and (3.2.33).
From (3.2.23) and (3.2.31), b(t, s,x,y) is continuous on s, ¢ on ¢ and
smooth on . From (3.2.24),

(O + Ho)b(t, 5,2, y) =/ res(z, 2)ri(z,y) = (z,y). (3.2.34)
zeM

Then (3.2.30) follows from (3.2.32) and (3.2.34).
The proof of Lemma 3.2.5 is completed. ]

Theorem 3.2.6. Assume that the kernel k¥ (x,y) satisfies the conditions of
Theorem 3.2.3 with N > n/2+ 1.
(1) For any ¢ such that N > (n+(+1)/2,

o0

Z Voqk (z,y) (3.2.35)

k=0

converges in the €Y (M x M)-norm and defines a €*-map from Ry to
€' (M x M, EX E*) such that

(O + Hy)pi(z,y) = 0. (3.2.36)
(2) When t — 0,
105 (pr = k) gt aaxary = O@EN /277240, (3.2.37)

(3) The kernel p; is a heat kernel for the operator H.
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Proof. From (3.2.29),

o0

g lgersarsary < Nkellges s
>
k=0

_'_6‘1C{tN7n/27Z/2+1/2€CVOI(M)tN_n/2+1 <+OO (3238)

So (3.2.25) converges in €“T(M x M)-norm. From (3.2.28), (3.2.29) and
(3.2.30),

||8th||<gff(MxM) < ||7”f+1||<ﬂ(MxM) + ||7’f||<ﬂ(MxM) + ||Qf||<ﬂ+2(MxM)

k k—1
< ORI+ (N—n/2)—t/2 VOI(M)kt_ ORI /D2 o1 ()R t
k! (k—1)!
~ tk
Cck (M kfltk(an/Q)fZ/Qfl
+ vol(M) (=]
< CtN22(Cvol(M)EN Y | 1+ O)
tk*l
- CF L= DIN=R/2) o] (A)EY . (3.2.39
vl s (3230)

So there exist Cy, C; > 0 such that

Z 10w gt arxary < N10ekellwearxar)
k=0

+(COtN7n/2+1+Cl)tN*n/27f/2€CVOl(M)thn/zJﬁl < +OO (3240)

Thus p; is € on ¢ from Ry to €4(M x M). As in Theorem 3.2.2, we have
(3.2.26).

From the proof of (3.2.38) and (3.2.40), we get (3.2.37).

For (3), we only need to check the initial condition. Since k¥ satisfies the
initial condition, from (3.2.37), we get (3).

The proof of Theorem 3.2.6 is completed. [

3.2.3 Formal solution

In this subsection, we will prove Theorem 3.2.3. For the complexity of the
construction, we will start from some basic results in Riemannian Geometry.

Let g™ be the metric on M. Usually we denote it by g for simplicity.
we consider a smooth path z; : [0,1] — M and define its length as

L(z,) = /0 it (3.2.41)
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The Riemannian distance between xg, 1 € M is the infimum of L(x;) over all
smooth paths connecting them, denoted by d(x,y). Let V be the Levi-Civita
connection. A smooth path is a geodesic if for any ¢ € [0, 1],

Vi iy = 0. (3.2.42)

Given x = @9 € T,,M small enough, the solution of (3.2.42) is unique.
We write z; = exp,, x. Since the derivative exp, , is an isomorphism, by
the inverse function theorem, exp, defines a diffeomorphism from a small
ball around zero to a neighborhood of xy in M. Let inj, be the radius of
the largest ball such that exp,, is a diffeomorphism. Let inj = inf ey inj.
Since M is compact, inj > 0. Choose an orthonormal frame of 7T,,,M, on
which the coordinate functions are x; and the partial derivatives are %. On
B(0,e) C Ty, M, we define the metric by exp; (g). If we consider B(0,¢) as

a chart of M at xg, we have 8%1- = %. Usually, we simply denoted it by 0;.
With respect to this coordinates, we have
(0:,05) = gij- (3.2.43)
Let
R = xi0; € Tu(To,M). (3.2.44)

Then exp, , R € Texpxo <M, which we also denote by R.

In order to distinguish the points on 7, M and those on M, we write
T = exp,, X. Let z; be the geodesic connecting zy and z, and let Y'(t) € T,,, M
be a vector field along x,. if for any ¢ € [0, 1],

V., Y(t) =0, (3.2.45)

we say Y (1) is the parallel transport of Y (0) along x;. Since x €
B(0,inj), the solution of (3.2.45) is unique associated with initial condition.
So Y (1) is uniquely determined by Y (0). We write

Y (1) = 7(z, )Y (0). (3.2.46)
Let
ei(z) == (, 20)d;. (3.2.47)
Lemma 3.2.7. (1) {e;(x)} is an orthonormal frame of T, M.

(2) ei(x) = 0; + O([x]).
(3) VRei =0.
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Proof. (1) Let Yy(t), Yi(t) € T,,, M be vector fields along x; satisfying (3.2.45).
Since VI'M preserves the metric,

#(Yo(t), 1 (1)) = (Va, Yo (1), 2 (1)) + (Yo(1), Vi, Ya (1)) = 0. (3.2.48)

So (Yo(t),Y1(t)) is a constant along z;. Let Y;(0) = 0; and Y;(0) = 0;, we
get (1).

(2) Let e;(z) = fij(x)0;. Note that f;;(0) = d;;. So fi;(z) = d;; + O(|x]).
We get (2).

(3) Let 2, = exp,, tx. Then R = |R|#;. Since V;,e; = 0, we get (3).

The proof of Lemma 3.2.7 is completed. [

Lemma 3.2.8. (1) VxR =0.

(2) R =", x;e;, and thus (R, R) = |x/|?.

(3) (R,0;) = x;, and thus X; = g;;X;.

(4) d(xo,z) = |x|. (Note that |x| only depends on g(x¢) but d(xo,)
depends on g(x;) fort € [0,1].)

Proof. (1) The curve x; = tx is a geodesic. Note that R(x;) = t%;. We also
simply denote by V = exp} (V). So by (3.2.42),

For the second equality, we consider function f(z;) = t and then Vgt =

Vil = 5 f(x) =1.
(2) From Lemma 3.2.7 (3) and (1),

R(R,e;)) = (VrR,ei) + (R,Vre;) = (R, ei). (3.2.50)
From Lemma 3.2.7 (2),
(R, e;) = ij(aj, e)) = x; + O(x[?). (3.2.51)

Since R(x;, - x;,) = kx;, - - - x;,, from (3.2.50), there is no O(|x|?) term in
(3.2.51). So (R, e;) = x;. Since {e;(x)} is an orthonormal frame by Lemma
32.7 (1), R =>,xe; and (R, R) = |x/*.

(3) Note that

[R, 61] = —81‘(Xj)aj = —82‘. (3252)

Since V is torsion free,

(R.Vrd) = (R,VaR) + (R,[R,0)) = SO[RP —(R,0).  (3253)
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So from (2) and (3.2.53),

1
Since (R, 81) = Zj Xj(&u @]) =X; + O(|X|2), by R(Xil . 'Xik) = kXZ'I e X
again, from (3.2.54), we have (R, 0;) = x;, and thus x; = g;;X;.

(4) We use the fact that locally the geodesic is the shortest path. Let
x; = tx. From (2),

d(xg, x /|xt|dt /t‘1|R(>'<t)|dt

1 1
_/ t‘1|xt|dt—/ ix|dt = [x|. (3.2.55)
0 0

k

The proof of Lemma 3.2.8 is completed. ]
Let
7(x) = det'?(gi;(x)). (3.2.56)
Then the pull back of the volume form on 7, M
dr = j(x)dx. (3.2.57)

In other words, we have
J(x) = | det(dx exp,,)|- (3.2.58)

Take ¢ < inj. Let V,, = Im(exp, |p(o,e)). For x € V,, we define a neigh-
borhood of the diagonal of M x M by

U.={(z,y) e M x M : x € V,}. (3.2.59)
If (z,y) € Ue, d(z,y) <e.
As in (3.1.30), let
1 _dzy)?
(47rt)”/2

which is modelled on the Euclidean heat kernel. To construct an approximate
solution to the heat equation for H, we plan to find a formal solution to the
heat equation as a series of the form

a(z,y) = € € (R, x U.), (3.2.60)

ky(x,y) = qi(z,y) Z t'W; (2, y, H), (3.2.61)

t=0
where the coefficients (z,y) — V;(z,y, H) are smooth sections of the bundle
EX E* over U..

We would like to have (0, + H)ki(x,y) = 0.
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Proposition 3.2.9. For any time dependent section s; of E over U, we
have

O+ H)(g-st) =aq- (0 + H+1"VE + (2t) "R(log 7)) s¢. (3.2.62)
Proof. From (1.4.35),
AE(C]tSt) = _veEiveE;(QtSt> + vgeiei<Qt5t)

= —Vi(ei(qt)st - thEEist) + (Ve,ei)(a)se + qtvgeieist
= (APg)s, — Qei(qt)VeEist + @ AFs,. (3.2.63)

From (3.2.63),
(0, + H)(qus¢) = ((0r + H)qy)s, — 2(dgy, VFs) + q.((0, + H)s;).  (3.2.64)

Write 2 = exp, x. Then from Lemma 3.2.8 (4),

@(z,y) = @t (3.2.65)
Then
g, = n+‘X’2 (3.2.66)
tqt = o 412 qt- L.

From (3.2.65),

B 1 1 IxI? _ 1 i_%z . 9
M=~ e (e Tl R (Ve ()

e R G WR A CIC) ) BCEYD

We calculate A(|x|?) first. Let ¢ = (¢71);;. Then ¢ g;x = ;5. From Lemma
3.2.8 (3),

gijxj = gijgjkxk = X;. (3.2.68)
For any ¢ € €;°(1T,M), from (1.4.37), (3.2.57) and (3.2.68),

OA(x[2)d / AP =2 [ (0 x,i(x)dx

TyM y

= 2/T M(3i¢)Xij(X)dX =2 905 (x5 (x))dx

Ty M

=92 o(n+ R(logj))dzx. (3.2.69)

TyM
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So
A(]x)?) = —2(n + R(log j)). (3.2.70)
On the other hand, from (3.2.68),
> .,
(eillxI1*)" = g7 0iIx[1")0;(|x[*) = 49" wiz; = dwjw; = 4|x[*.  (3.2.71)
By (3.2.67), (3.2.70) and (3.2.71), we have

Ag = (Qit(n + R(logj)) — %) qr- (3.2.72)
From (3.2.65),
Oi(qr) = _%};’2)% = _%Qt- (3.2.73)
So from (3.2.69),
(dgi, VFs;) = gijai(qt)vgjst = —%qtvgst. (3.2.74)
Therefore, (3.2.62) is obtained from (3.2.66), (3.2.72) and (3.2.74).
The proof of Proposition 3.2.9 is completed. O]
Let
B=j"?0Hoj 2 (3.2.75)
Let
D, = jY2s,. (3.2.76)

Proposition 3.2.10. The following identity holds,
(0, + H+t7'VE + (2t) 'R(logj))s; = 52 (9, + B+t 'VE),.

(3.2.77)
Proof. From (3.2.75),
Hoj V2 =4712B (3.2.78)
From (3.2.76),
- _ : Lo,
JTVAVE®D, = 71V 25, = T R(j)s + Vs, (3.2.79)

2

So (3.2.77) follows from (3.2.78) and (3.2.79).
The proof of Proposition 3.2.10 is completed. ]
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Definition 3.2.11. Let ®,(x,y) be a formal power series in ¢ whose coeffi-
cients are smooth sections of EX E* on U.. We say ¢;(x,y)j~/?(x)®;(z,y) is
a formal solution of the heat equation around y if z — ®4(x,y), considered
as a section of the bundle X E* over V,, satisfies the equation

(at Y B+ t’IV@ (1) = 0. (3.2.80)

Let z; = exp,, tx be the geodesic connecting y and z, and let Y(t) € E,,.
As in (3.2.45), if for any t € [0, 1],

VEY(t) =0, (3.2.81)

we say Y (1) is the parallel transport of Y (0) along z; with respect to
VE. As before, Y (1) is uniquely determined by Y (0). We write

Y (1) = 78(z, )Y (0). (3.2.82)

In this case, 78(x,y) : B, — E, is a linear isomorphism.

Theorem 3.2.12. There ezists a unique formal solution k,(z,y) of the heat
equation

(O + Hy)ki(z,y) = 0 (3.2.83)
of the form
Fo(z,y) = a(x,y)i (%) Y td(x,y), (3.2.84)
i=0
such that ®o(y,y) = Idg. Furthermore, we have the following recursive

formula for ®;:
1 .
(2, y) (2, y) = —/ s (@6, y) By - im1) (s, y)ds. (3.2.85)
0

In particular, ®y(z,y) = 75(z,y).
Proof. From Definition 3.2.11, k; in (3.2.84) is a formal solution if and only
if

(at Y B+ t‘W%) iti(bi(x, y) = 0. (3.2.86)

=0
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Note that the equation (3.2.86) is equivalent to the system of equations:

VE®, =0,

3.2.87
(VE+i)®; = —B,®;_,, i>0. ( )

The parallel transport 77(z, y) along x, satisfies the equation VE7E =0
and 7F(y,y) = Idg. So from the uniqueness of the differential equation with
initial condition, we have ®¢(x,y) = 7F(z,y).

Let {Y,;}; be a basis of E,. Since 7¥(zs,y) : E, — E,, is a linear
isomorphism, {Y,, ; = 78(z,,y)Y,; € E,.} is a basis of E,,. We could write

Qi(xs) = X;(s)Ya, ;, —BaPisi(zs) = Z;(5)Ys, ;. (3.2.88)
Since R(z;) = sis and VEY, ; =0, we have
VR®i(2s) = R(X;(5))Ye,; = sXj(5)Yz, 5. (3.2.89)
So the second equation in (3.2.87) is equivalent to the differential equation
sX(s) +1X;(s) = Zj(s). (3.2.90)

The solution of X;(s) in (3.2.90) is
X;(s) = 5 / o7, (0)dv + Cs . (3.2.91)
0

Since we want to get good behavior for s — 0, we take C' = 0 in (3.2.91). Ob-
serve that 75 (x,y) ' ®;(x,y) = X;(1)Y,,; and 75 (x5, y) (B, - ®i-1)(25,y) =
Z;(s)Y,.;. We obtain (3.2.85).

The proof of Theorem 3.2.12 is completed. ]

Let ¢ : Ry — [0,1] be a smooth cut-off function such that

Y(s) = { Lo ifs<e/d, (3.2.92)

0, ifs>c¢
We write j(z,y) = j(x). Then we construct kY (z,y) in Theorem 3.2.3
by

K (@,y) = o(d(,y) ) ale, y)i~ P (y) Y @iz, y). (3.2.93)

=1

The following theorem is stronger than Theorem 3.2.3.
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Theorem 3.2.13. Let { be an even positive integer.
(1) For any T > 0, the kernels k¥, 0 < t < T define a uniformly bounded
family of operators KN on €¢“(M,E), and

lim | KNs — s|je = 0. (3.2.94)
(2) There exist differential operators Dy, of order less than or equal to 2k
such that Dy is the identity and such that for any s € €“**(M, E),

0/2—j5
Ns— > t"Dys|| =0 (D) (3.2.95)

@2
(3) The kernel ¥ (z,y) = (0, + Hy )k (x,y) satisfies the estimates
10F 1 ||e < CLN /DR, (3.2.96)
where the constant C' > 0 only depends on £ and k.
Proof. We write y = exp,y, withy € T, M. Let
Vi(a,y) = o(llyl*)i*(y)®i(w, exp, y) (2, y) 7! € End(E,).  (3.2.97)

Let s € €°(M,E). For y € B(x,¢), we write s(z,y) = 7%(z,y)s(y) € E,.
Then from (3.2.57), for y = v/tv,

(K8 (x) = (dmt) /2 / i) /“Zﬂ V2, )i, ) s(y) dy
= (47rt)_”/2/ e lyI? /4tztl s(z,y)dy

= (4mr) "2 / —lol? MZL@ (x, tY%0)s(x, t120)dv.  (3.2.98)

From (3.2.97), we see that ¥y(z,0) = Idg,.

Let {Y;} be a basis of E, and s(y) = s,Y;. Then s(z,y) = s;7%(z,y)Y;.
Let € = maxyene) Spuee DIE ()| Then [|s(@,y)ller < Cls(y)| <
Cllsllgo < C|sll¢e. So from (3.2.98), there exists C’ > 0 such that for
0<t<T,

N
KX sl < Wy (ZT@') ([ i) e 299

=1
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So K; is uniformly bounded on €*(M, E). In this case, for || < ¢,

lim D*(K}Ns —s) = D* Pr%(Kth —5). (3.2.100)
—

t—0

From (3.2.98),

t—0

lim KNs = (47r)-"/2/ e A (2,0)s(x, 0)dv = s(x). (3.2.101)
=M

Therefore, we get (3.2.94).
For (2), set o = t'/? and

f(o,v) = Z o*W,(z, ov)s(z, ov). (3.2.102)

Taylor expansion at o = 0, from (1.3.43), we have

Z Z Z 215"7' (x,0)s (7)(3370)(av)a

la| <l p+y=a i=1
al l+1 a!
27 7~ :
DD B BT
|p|=l+1 BHy=p =1

1
/ (1-— s)l\I’Sﬂ)(x,sv)s(“’)(x,sv)ds. (3.2.103)
0
If |a] < ¢ is odd,

/ e P/ Ay dy = 0. (3.2.104)
M

So we only need to consider the even case. In this case, let

Dy, := (4m) /2 Z Z Z 5'7' (x,0) /xMe|”2/4v°‘dv.

2i+|a|=2k |a|<I B+y=0x

(3.2.105)

In particular, Dy = Id. Since s (x,0) = D)s(x), from (3.2.98), (3.2.103)
and (3.2.105), we have

0/2
KNs =) t"Dys|| =0 (t"V/?). (3.2.106)

(5/0
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In the same way, we have
/2—j
KNs— > t'Dys| =0 (1) (3.2.107)
k=0 ey

Note that in this case, in the reminder term of (3.2.6), we need to estimate
||s]le. So our estimate is for O (¢“+1)/277).
From Propositions 3.2.9 and 3.2.10,

r¥(@.9) = ale.)i @0 (0 + Be + V) (wd(x, V) Dt y>) .

(3.2.108)
If d(x,y) < e/2, 0%(d(x,y)?) = 0. If d(z,y) > &/2, for any k, we have
o2 (d(w, y)?)e MW < gry(d(w, y)Pe =1 = O(tF).  (3.2.10)

From (3.2.86), the terms on the right hand side of (3.2.108), which do not
involve a derivative of 1(d(z,y)?) cancel, except for one remaining term
tNq(x,y)(B,®x)(x,y), which may be bounded by t¥~"/2. So we have

|7 |0 < CtO=/2), (3.2.110)

The estimate of ||0FrN||4¢ is similar, once we observe that
Bre ™/t = 7122 /t)e =/t = O(t7Y), (3.2.111)
and
B, = t—1/2<_2x/t1/2)€—m2/t =0@™). (3.2.112)

The proof of Theorem 3.2.13 is completed.
O

Now we summarize the properties of heat kernels.

Theorem 3.2.14. Let p,(z,y) be the heat kernel of H. Then there exist
O; € €°(M x M, EX E*) such that for every N > n/2, the kernel kN (z,y)
defined by

N
1 _d@.w)? _ ;
e " YA, y)?)i e, y) Y i, y) (3.2.113)
i=1
is asymptotic to p(z,y):
187 (e, y) = k7Y (2, 9) [l ge = O 27427F), (3.2.114)

The leading term ®o(z,y) = 78(x, ).
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The following corollary is the generalization of Proposition 3.1.6.

Corollary 3.2.15. Let P, be the heat operator associated with p,(x,y). Then
forkeN, s € €°(M,FE),

i

= O(tFt1). (3.2.115)

S

F(—tH
Pts_;( ' )

o!

@i
Proof. The heat equation (0; + H)P,s = 0 implies that in (3.2.95), Dy =

(—H) /K.
The proof of Corollary 3.2.15 is completed. 0



